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True stress-strainAbstract A new method is presented to determine the full-range, uniaxial constitutive relationship
of materials by tensile tests on funnel specimens with small curvature radius and finite element anal-
ysis (FEA). An iteration method using FEA APDL (ANSYS parametric design language) program-
ming has been developed to approach the necking constitutive relationship of materials. Test results
from SAE 304 stainless steel at room temperature show that simulated load vs displacement curve,
diameter at funnel root vs displacement curve, and funnel deformation contours are close to mod-
eled results. Due to this new method, full-range constitutive relationships and true stress and effec-
tive true strain at failure are found for 316L stainless steel, TA17 titanium alloy and A508-III
stainless steel at room temperature, and 316L stainless steel at various elevated temperatures.
 2016 Chinese Society of Aeronautics and Astronautics Published by Elsevier Ltd. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The true stress-strain curves of ductile materials before necking
initiation can be easily obtained by conventional uniaxial ten-
sile testing using a standard round bar.
rT ¼ rEð1þ eEÞ
eT ¼ lnð1þ eEÞ

ð1Þwhere rT is true stress, eT is true strain, rE is engineering stress,
and eE is engineering strain. However, after the necking defor-
mation occurs, the acquisition of uniaxial true stress and true
strain becomes difficult due to the rapid reduction in local
cross section of the straight round bar. Bridgeman1 made an
assumption that the contour of the cross section in the necking
deformation zone was circular, and the equivalent strain was
uniformly distributed on this section. Therefore, the corrected
stress in the necking deformation zone of a round bar could be
found as follows:
S ¼ Sð1þ 4R=dÞ½lnð1þ d=4RÞ ð2Þ
where S is nominal stress and, as shown in Fig. 1, d is the min-
imum diameter of the cross section in the necking zone, and R
is the radius of the necking section.
The Bridgeman correction of stress leads to material curves
affected by an error that can be greater than 10% and requires
a significant amount of experimental work in order to measureeronaut
Fig. 1 Necking shape.
2 D. Yao et al.the evolving curvature radii of necking profiles at different
stages of each tensile test.2
To calculate the necking deformation in the work zone of a
round bar, Chen3, Needleman et al.4,5, and Saje6 achieved
necking simulation of a round bar by finite element analysis
(FEA). To induce necking deformation, Chen3 made an artifi-
cial taper on the round bar, Needleman et al.4,5 used bifurca-
tion criterion and Saje6 set a rigid restriction at the end of
the bar. However, calculation accuracy was limited due to
the low level of the technique’s use of computers and FEA,
and there was no experimental verification for this method.
Gurson7 proposed a void growth model under an axisymmet-
ric stress state to describe the large deformation of materials.
Chu and Needleman8, and Tvergarrd9 developed a GTN
(Gurson-Tvergarrd-Needleman) model by improving Gurson’s
model. The GTN involves the highly complex determination of
nearly 10 parameters and its accuracy cannot be ensured.
Accuracy of simulation results for necking was calculated
for the first time by Li.10 By adjusting main stress and main
strain, Norris et al.11 proposed an preliminary iteration
method to obtain the true stress-strain curve after necking.
Thereafter, Matic et al.12–14 proposed a method to evaluate
the full-range constitutive relationship of ductile alloys by
adjusting the power-law parameters in the constitutive model.
However, many materials’ constitutive relationships have non-
power-law hardening constitutive relationships after necking
or even during hardening stages. Zhang et al.15,16 also used
the parameter searching method to acquire full-range constitu-
tive relationships where the load-displacement curve was set to
be the target of convergence. Choi17, Nayebi18, Cabezas and
Celentano19, and Lee20 et al. made several attempts to acquire
full-range constitutive relationships of ductile materials by dif-
ferent methods, but the resulting strain ranges were limited,
and the validity of methods was also questionable. Joun
et al.21,22 completely simulated the necking of a straight round
bar without defects using a rigid plastic finite element method.
However, the validity and the accuracy of that research still
need to be further tested. In recent research reported by Xue
et al.23 full-range constitutive relationships were obtained by
the above-mentioned parameter searching method. Yao
et al.24,25 proposed a method to obtain a full-range constitutive
relationship by using a standard straight round bar and a
funnel-shaped round bar simultaneously, but the dispersion
of materials has a remarkable effect on this method that
cannot be easily countered.Please cite this article in press as: Yao D et al. A new approach on necking constitu
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method has been proposed to acquire the full-range constitu-
tive relationships of ductile materials by using a funnel-
shaped round bar. This method contains the determination
of true stress-strain relationships both before and after neck-
ing. The application of the funnel-shaped round bar can
directly simulate the necking phenomenon without artificial
defects. By directly adjusting the input data of a constitutive
relationship in FEA, the full-range true stress-strain curve
can be determined if the experimental load-displacement
records coincide with the numerical results. Additionally, an
optical observation based on a digital image correlation
(DIC) technique is employed to verify the validity of the
FAT method by checking root diameter variation in a
funnel-shaped round bar, outline of the deformed specimen,
and strain distribution on the specimen. Based on the pro-
posed FAT method, the full-range constitutive relationships
are estimated for SS304 (SAE 304 stainless steel), TA17 tita-
nium alloy and A508-III steel at room temperature, and
SS316L (SAE 316L stainless steel) at various elevated temper-
atures. The critical failure true stress and true strain are also
given. Stainless steel is now widely used in the aviation and
aerospace industries for things such as engine components
and wing parts because of its high strength, elongation and
anti-fatigue performance. TA17 titanium alloy is a typical
light-weight aerospace alloy applied as the main material for
air frames and engines. A508-III steel is a reaction pressure
vessel material that has high strength with relatively low hard-
ening. According to analyses of stress and strain distributions
on cross sections in the necking zone, the failure mechanisms
of ductile materials will been discussed in detail.
2. Research conditions
2.1. Testing system
The uniaxial tensile test system includes the universal test
machine material testing system (MTS), room temperature
strain extensometer MTS632.12C-21 (25 mm gauge length,
50% measuring range, 5‰ precision) and high temperature
strain extensometer MTS632.68F-08 (12 mm gauge length,
20% measuring range, 5‰ precision), centering grips system
and VIC-3D (video image correlation-3 dimensional) optical
measuring system. The control mode of the tensile test is dis-
placement and the test speed is 0.02 mm/s. The VIC-3D non-
contact optical measurement system was used to obtain the
diameter at the funnel root d and the deformation contours
of the funnel specimen. The impact effect of bias-load was
eliminated by the centering grips system. Elastic modulus test-
ing results in four directions of the same specimen showed that
the test error does not exceed 0.5% using the centering grips.
2.2. Materials and specimens
The materials to be tested are SS304, A508-III, TA17 and
SS316L. SS304, TA17 and SSA508-III were tested at room
temperature, and SS316L was tested at room temperature,
300 C and 500 C. After solid solution strengthening, the
mechanical properties of SS304 and SS316l are quite stable.
Fig. 2 shows dimensions of the straight round bar speci-
mens and funnel-shaped specimens. The radius of the funnel-tive relationships of ductile materials at elevated temperatures, Chin J Aeronaut
Fig. 2 Specimen dimensions.
A new approach on necking constitutive relationships of ductile materials at elevated temperatures 3shaped specimen R0 = 13 mm is used in SS304 testing,
R0 = 5 mm specimen is used in SS316L and TA17, and
R0 = 10 mm specimen is used in A508-III testing.
2.3. Finite element model and analysis
Fig. 3 shows the tensile deformation of the funnel specimen
during the VIC-3D measurement and FEA. An axisymmetric
meshing model was built to simulate the deformation behav-
iors of the funnel specimen. Considering the symmetry of the
specimen, an axisymmetric element Plane 182 with 4 nodes
and plastic ability, large deformation and large strain analyses
were used in FEA. To ensure simulation accuracy, mesh refine-
ment was applied at the root of the funnel. The boundary con-
ditions are shown in Fig. 3; the tensile test is the one fixed end
and the other is applied displacement.
3. Testing results
The true strain-stress curves of materials before necking can be
obtained by tests of round bar specimens to verify the authen-
ticity of the method’s iterative results. The strain distribution
on the surface of a funnel-shaped SS304 specimen was
obtained by the VIC-3D testing system.Fig. 3 Finite element simulation.
Please cite this article in press as: Yao D et al. A new approach on necking constitu
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The uniaxial tensile test results of SS304, A508-III, TA17 and
SS316L at room temperature, SS316L at 300 C and 500 C
were completed. After logarithmic processing, the results are
shown in Fig. 4. P-V curves of the funnel specimens are shown
in Fig. 5.
3.2. Testing results of VIC-3D system
After VIC-3D testing of the diameter at funnel root d vs dis-
placement V, funnel deformation contours and the strain dis-
tribution on the surface of the funnel section were obtained.
4. Iterative method to obtain true stress-strain curve of materials
by funnel-shaped specimen
Theoretically, when a true stress-strain curve is input into the
commercial FEA code as the fundamental material model,
output results should be consistent with experimental results.
An iterative procedure to determine the full-range true
stress-strain curve has been established by checking the truth
of the load-displacement curve simulated for a funnel-shaped
round bar produced from FEA.
4.1. Acquiring true stress-strain curve before necking using a
funnel-shaped round bar
According to the tensile test on a funnel-shaped round bar, the
uniaxial force P and the mean strain em are directly obtained.
As shown in Fig. 6, the mean stress rm at the root cross section
can be obtained by the uniaxial load P and the diameter d at
the root of the funnel-shaped specimen,
rm ¼ 4P
pd20
ð3Þ
where d0 is the initial diameter at the root of the funnel shaped
specimen shown in Fig. 1. Then, a reference stress, rr, can be
defined through the Bridgeman correction as
rr ¼ rmð1þ emÞð1þ 4R0=d0Þ½lnð1þ d0=4R0Þ ð4Þ
where R0 is the radius of the funnel section.
Due to inhomogeneous deformation at the root of the
funnel-shaped specimen, a reference strain, er, can be defined
as26
er ¼ lnð1þ emÞL0
Fe
Fe ¼ 2HA0
XN
i
1
Ai
 
8>><
>>:
ð5Þ
where Fe is the Geometric correction coefficient, L0 is the span
of funnel arc, A0 is the area of cross section at the root of the
funnel-shaped specimen, and H and Ai are as shown in Fig. 7
(a). The initial mean stress-strain (rm-em) curve and the refer-
ence strain-stress (rr-er) curve of the SS304 funnel-shaped spec-
imen with R= 13 mm are shown in Fig. 7(b).
Use the rr-er curve as the multilinear constitutive relation-
ship model in the FEA software. The loading model in FEA
is a change of displacement in the gauge section. The amounttive relationships of ductile materials at elevated temperatures, Chin J Aeronaut
Fig. 4 True strain-stress curves of different materials before necking at different temperatures (controller mode: displacement; controller
rate: 0.02 mm/s).
Fig. 5 Tensile testing results of different material funnel shaped specimens (controller mode: displacement; controller rate: 0.02 mm/s).
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Fig. 6 em and rm in funnel-shaped specimen.
A new approach on necking constitutive relationships of ductile materials at elevated temperatures 5of the displacement Vf can be obtained from the tensile tests
when the force P reaches maximum. The true stress-strain
curve before necking can be obtained by the following iterative
method:
(a) Calculating the simulated P-V curve before necking, as
shown in Fig. 8, the P-V curve and the stress-strain
curve consist of a series of data points Pi-Vi, ri-Vi, and
ei-Vi due to the control model of displacement.Fig. 7 Method to obtain
Fig. 8 Iterative proces
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ri;new ¼ Fi;E ri ð6Þrr-er
ses be
tive relaFi;Fwhere Fi,E is the force obtained by testing, and Fi,F is the
force calculated by FEA. Thus, the stress in the rr-er
curve is updated. The enew can be obtained by output
from Von Mises strain at the center node of the root
cross section using the correspondence relationship with
the displacement Vi.
(c) Taking the updated constitutive relationship curve rnew-
enew as the mutilinear constitutive relationship model in
the FEA software, calculate the simulated P-V curve
before necking; if the simulating curve coincides with
the testing curve, stop the iterative process. If not, repeat
processes (a) and (b).
With the continuous iteration, the simulated P-V curve will
become more and more close to the testing P-V curve. The iter-
ative stress-strain curves will agree well, so the iterative process
can stop; the true stress-strain curve before necking can be
obtained from the last iteration. Fig. 8(b) shows the whole iter-
ative procedure to estimate the true stress-strain curve before
necking.
After several iterations, the true stress-strain curve before
necking is obtained by the funnel-shaped specimen using the
iterative method. Compared to the experimental stress-straincurve of SS304.
fore necking.
tionships of ductile materials at elevated temperatures, Chin J Aeronaut
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closely. Therefore, it can be proven that the iterative method is
suitable for the estimation of true stress-strain curve before
necking, and this iteration procedure ought to be further rec-
ommended to estimate full-range true stress-strain curves
including necking deformation. The iterative method to obtain
the true stress-strain curves of ductile materials is named the
FAT method.
4.2. Acquiring true stress-strain curve after necking using a
funnel-shaped round bar
The above stress-strain curve before necking can be described
by using the strain hardening Chaboche model.27 By regarding
this model as the initial input constitutive relationship for the
FEA code, the full-range true stress-strain curve, including
necking deformation, can be obtained through several iterative
analyses. The P-V curves and stress-strain curves are shown in
Fig. 10. From Fig. 10 it can be seen that, compared to exper-
imental results, a coincident numerical P-V curve is presented
with only a two-time iteration.
4.3. Validity of FAT method
Fig. 11 shows the evolution of the diameter d at the root of the
funnel-shaped specimen with respect to the displacement VFig. 10 Iterative proc
Fig. 9 Comparison of stress-strain curves between test and
iterative method.
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(2016), http://dx.doi.org/10.1016/j.cja.2016.10.011resulting from the VIC-3D measurement and the iterative
method. Apparently, these two curves are similar to each
other, and the validity of the funnel zone outlines and the
strain distribution on the surface of the funnel obtained by
the iterative method can be also confirmed by the VIC-3D
measuring results, as shown in Fig. 12.
The full-range uniaxial constitutive relationship curve of
SS316L at different temperatures can also be obtained, as
shown in Fig. 13.
The full-range uniaxial constitutive relationship curves of
SSA508-III at room temperature are shown in Fig. 14.
The full-range uniaxial constitutive relationship curves of
TA17 at room temperature are shown in Fig. 15. As shown
in the figure, the FAT method can be applied to light weight
aerospace alloys, which is significant for the fracture analysis
of air frames and other parts.
4.4. Acquisition of breaking strain and stress of stainless steel
The displacement Vf can be obtained from testing. Thus, the
critical fracture stress and strain are obtained from FEA when
the displacement load reaches Vf. Table 1 shows the critical
fracture strain and stress of SS304, SS316L, TA17 and A508-
III.
4.5. Application of full-range constitutive relationship to sheet
specimens with a center hole
The full-range constitutive relationships based on the proposed
FAT method have been verified in many cases of different
shaped specimens. An additional example is shown in
Fig. 15. It is the application to tensile tests of sheet specimens
with a circular hole in center (CHS specimen). The material to
be tested is SS316L. Fig. 16 shows dimensions and meshing
model in FEA of the specimen. As we can see, the simulated
force-gauge displacement (P-V) curve and the testing results
coincide.
It is important that the full-range constitutive relationship
(FFCR) of ductile materials obtained by the FAT method
can be used in a relatively complex structure. The loading
results are accurately predicted by the FFCR curve. Table 2
shows critical fracture strain and stress obtained for the CHS
specimens.esses after necking.
tive relationships of ductile materials at elevated temperatures, Chin J Aeronaut
Fig. 12 Strain distribution on funnel-shaped specimen.
Fig. 13 Full-range constitutive relationship curves of SS316L at
different temperatures (1# specimen tensile testing results were
used in calculations).
Fig. 14 Full-range constitutive relationship curves of A508-III
at room temperature.
Fig. 11 Comparison between VIC-3D result and iterative result.
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Fig. 15 Full-range constitutive relationship curves of TA17 at
room temperature.
Fig. 16 Application of full-range constit
Table 1 Critical fracture strain and stress of ductile materials.
Material Temperature
(C)
Breaking
strain ef (%)
Breaking
stress rf (MPa)
SS304-1# 20 133.50 1680
SS304-2# 20 137.20 1685
SS316L-1# 20 129.50 1494
SS316L-2# 20 130.00 1495
SS316L-1# 300 110.60 1080
SS316L-2# 300 106.10 1057
SS316L-1# 500 87.83 921
SS316L-2# 500 90.15 925
TA17-1# 20 26.29 831
TA17-2# 20 29.49 817
A508-III-1# 20 80.55 866
A508-III-2# 20 78.04 830
A508-III-3# 20 76.22 843
Table 2 Critical fracture strain and stress obtained for CHS
specimens.
Material Specimens Temperature
(C)
Breaking
strain ef
(%)
Breaking
stress rf
(MPa)
SS316L R7-1# 20 101.4 1350
R7-2# 20 102.0 1356
R8-1# 20 106.1 1394
R8-2# 20 108.2 1400
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(1) To obtain full-range constitutive relationships including
necking deformation, an finite element aided testing
(FAT) method was proposed. Based on tensile testing
of a funnel-shaped specimen, an iteration procedure
was recommended.
(2) VIC-3D test results were completed to validate results of
the FAT method.
(3) The FAT method was applied to obtain the constitutive
relationships of SS316L at elevated temperatures.
(4) Failure stress and strain are given for different kinds of
specimens based on the full-range constitutive relation-
ship curve obtained by the FAT method, which is mean-
ingful for analyses of large deformations and ductile
fractures in structures.
Acknowledgments
This study was co-supported by the National Natural Science
Foundation of China (No. 11472228) and the Sichuan Youth
Science and Technology Innovation Team Projects (No.
2013TD0004).utive relationship on CHS specimens.
tive relationships of ductile materials at elevated temperatures, Chin J Aeronaut
A new approach on necking constitutive relationships of ductile materials at elevated temperatures 9References
1. Bridgman PW. Studies in large plastic flow and fracture, vol.
177. New York: McGraw-Hill; 1952.
2. Mirone G. A new model for the elastoplastic characterization and
the stress–strain determination on the necking section of a tensile
specimen. Int J Solids Struct 2004;41(13):3545–64.
3. Chen WH. Necking of a bar. Int J Solids Struct 1971;7(7):685–717.
4. Needleman A. A numerical study of necking in circular cylindrical
bars. J Mech Phys Solids 1972;20(2):111–27.
5. Argon AS, Im J, Needleman A. Distribution of plastic strain and
negative pressure in necked steel and copper bars. Metall Trans A
1975;6(4):815–24.
6. Saje M. Necking of a cylindrical bar in tension. Int J Solids Struct
1979;15(9):731–42.
7. Gurson AL. Continuum theory of ductile rupture by void
nucleation and growth: Part I—Yield criteria and flow rules for
porous ductile media. J Eng Mater Technol 1977;99(1):2–15.
8. Chu CC, Needleman A. Void nucleation effects in biaxially
stretched sheets. J Eng Mater Technol 1980;102(3):249–56.
9. Tvergarrd V. Material failure by void coalescence in localized
shear bands. Int J Solids Struct 1982;18(8):659–72.
10. Li GC. Necking in uniaxial tension. Int J Mech Sci 1983;25
(1):47–57.
11. Norris DM, Moran B, Scudder JK, Quinones DFA. Computer
simulation of the tension test. J Mech Phys Solids 1978;26(1):1–19.
12. Matic P. Numerically predicting ductile material behavior from
tensile specimen response. Theor Appl Fract Mech 1985;4(1):13–28.
13. Matic P, Kirby III GC, Jolles MI. The relationship of tensile
specimen size and geometry effects to unique constitutive param-
eters for ductile materials. Proc R Soc London A 1853;1988
(417):309–33.
14. Matic P, Kirby GC, Jolles MI, Father PR. Ductile alloy
constitutive response by correlation of iterative finite element
simulation with laboratory video images. Eng Fract Mech 1991;40
(2):395–419.
15. Zhang KS, Li ZH. Numerical analysis of the stress-strain curve
and fracture initiation for ductile material. Eng Fract Mech
1994;49(2):235–41.
16. Zhang KS. Fracture prediction and necking analysis. Eng Fract
Mech 1994;52(3):575–82.
17. Choi Y, Kim HK, Cho HY, Kim BM, Choi JC. A method of
determining flow stress and friction factor using an inversePlease cite this article in press as: Yao D et al. A new approach on necking constitu
(2016), http://dx.doi.org/10.1016/j.cja.2016.10.011analaysis in ring compression test. Trans Korean Soc Mech Eng
A 1998;22(3):483–92.
18. Nayebi A, El Abdi R, Bartier O, Mauvoisin G. New procedure to
determine steel mechanical parameters from the spherical inden-
tation technique. Mech Mater 2002;34(4):243–54.
19. Cabezas EE, Celentano DJ. Experimental and numerical analysis
of the tensile test using sheet specimens. Finite Elem Anal Des
2004;40(5):555–75.
20. Lee H, Lee JH, Pharr GM. A numerical approach to spherical
indentation techniques for material property evaluation. J Mech
Phys Solids 2005;53(9):2037–69.
21. Joun MS, Eom JG, Min CL. A new method for acquiring true
stress–strain curves over a large range of strains using a tensile test
and finite element method. Mech Mater 2008;40(7):586–93.
22. Joun M, Choi I, Eom J, Lee M. Finite element analysis of tensile
testing with emphasis on necking. Comput Mater Sci 2007;41
(1):63–9.
23. Xue Z, Pontin MG, Zok FW, Hutchinson JW. Calibration
procedures for a computational model of ductile fracture. Eng
Fract Mech 2010;77(3):492–509.
24. Yao D, Cai L, Bao C. Approach for full-range uniaxial consti-
tutive relationships of ductile materials. China Measur Test
2014;40(5):5–13 [Chinese].
25. Yao D, Cai L, Bao C, Ji C. Determination of stress-strain curve of
ductile materials by testing and finite element coupling method.
Chinese J Solid Mech 2014;35(3):226–40 [Chinese].
26. GB 6399-86. The test method for axial loading constant-amplitude
low-cycle fatigue of metallic materials. Beijing: Standard Press of
China; 1992 [Chinese].
27. Lemaitre J, Chaboche JL, Maji AK. Mechanics of solid materials.
J Eng Mech 1993;119(3):642–3.
Yao Di is a Ph.D. student in School of Engineering Mechanics,
Southwest Jiaotong University, major in fracture mechanics and
constitutive relationship of ductile material.
Cai Lixun is a professor in School of Engineering Mechanics, South-
west Jiaotong University, major in fracture mechanics, materials and
structural strength and its testing technology.
Bao Chen is an associate professor in School of Engineering
Mechanics, Southwest Jiaotong University, major in theory and testing
technology of fracture mechanics.tive relationships of ductile materials at elevated temperatures, Chin J Aeronaut
